We reconsider the problem of the hyperon puzzle and its suggested solution by quark deconfinement within the two-phase approach to hybrid compact stars with recently obtained hadronic and quark matter equations of state. For the hadronic phase we employ the hypernuclear equation of state from the lowest order constrained variational method and the quark matter phase is described by a sufficiently stiff equation of state based on a color superconducting nonlocal Nambu-JonaLasinio model with constant (model A) and with density-dependent (model B) parameters. We study the model dependence of phase transition obtained by a Maxwell construction. Our study confirms that also with the present set of modern equations of state the quark deconfinement presents a viable solution of the hyperon puzzle even for the new constraint on the lower limit of the maximum mass from PSR J0740+6620. In this work we provide with model B for the first time a hybrid star EoS with an intermediate hypernuclear matter phase between the nuclear and color superconducting quark matter phases, for which the maximum mass of the compact star reaches 2.2 M , in accordance with most recent constraints. In model A such a phase cannot be realised because the phase transition onset is at low densities, before the hyperon threshold density is passed. We discuss possible consequences of the hybrid equation of state for the deconfinement phase transition in symmetric matter as it will be probed in future heavy-ion collisions at FAIR, NICA and corresponding energy scan programs at the CERN and RHIC facilities.
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I. INTRODUCTION
The properties of nuclear matter at supersaturation densities n >> n 0 ≈ 0.16 fm −3 are still open questions affecting nuclear physics, particle physics and astrophysics. Such a state of matter is realized in the core of a neutron star (NS) and its mechanical properties, encoded in the equation of state (EoS) are uniquely related to the corresponding mass-radius relationship via the Tolman-Oppenheimer-Volkoff equations. Theoretically, one can infer from mass-radius measurements the NS EoS, see Ref. [1] for an early attempt. Because of the absence of reliable radius measurements, however, we may speak at present only about direct constraints on the EoS from observations of masses and radii of compact stars (CS). Of particular importance are constraints on the maximum mass as one characteristics of the EoS. The recent measurement of the mass 2.17
+0.11
−0.10 M for the millisecond pulsar PSR J0740+6620 [2] has renewed the requirement of a sufficient stiffness of the EoS at supersaturation densities. On the other hand, the compact star radii should be in accord with the bounds on tidal deformabilities derived from the gravitational waves detected by the LIGO and Virgo Collaboration (LVC) from the inspiral phase of the binary neutron star merger GW170817 [3] , for instance R 1.6M > 10.7 km [4] and R 1.4M < 13.6 km [5] .
These new observational data for masses and radii (compactness) provide more stringent constraints for the behavior of the neutron star EoS.
One of the key questions concerns the composition of NS interiors. Already in 1960, still before the discovery of pulsars, it has been proposed by Ambartsumyan and Saakyan [6] that hyperons may occur in the core of a NS, considering noninteracting particles. In modern calculations with realistic two-particle and three-particle interactions it was found that the appearance of hyperons softens the EoS to the extent that even the mass of typical binary radio pulsars (∼ 1.35 M ) could not be described [7] [8] [9] (weak hyperon puzzle). The more severe "strong" hyperon puzzle consists in the fact that the observational lower bound on the value of the CS maximum mass is nowadays well above 2 M . CS interiors, in particular for the most massive stars with highest central densities, e.g., hadronic matter with ∆ isobars [11, 16] , dibaryons [17] and parity doubled states [18] [19] [20] as well as deconfined quark matter, which all may occur in the normal but also in the superconducting/superfluid state with pairing gaps in the dispersion relations. Moreover, there are meson condensates possible, see [21] and references therein. As for the change in the composition of dense NS matter, the question arises whether it will be favorable to first excite heavier hadronic species and only at still higher densities to dissociate them into a state of deconfined quark matter or whether deconfinement can occur at sufficiently low densities to circumvent the occurrence of hyperons. The latter alternative has been suggested as a possible solution to the weak hyperon puzzle in [22, 23] . Since an equilibrium phase transition (PT) leads to a softening of the EoS and would have worsened the problem with the insufficient maximum mass, a strongly density-dependent stiffening of the EoS after the transition had to be introduced. To this end, in [22, 23] a density-dependent bag pressure was suggested but maximum masses stayed still well below 2 M .
There is an old controversy whether the observation of a CS with M > 2 M would not rule out hybrid stars with quark matter cores and thus would remove the quark deconfinement as a solution of the strong hyperon puzzle, but as could be shown, e.g., in [24] a sufficiently strong vector meson coupling would allow maximum masses of quark-hadron hybrid stars above 2 M and the occurrence of a diquark condensate can induce a lowering of the deconfinement transition so that indeed problems with the high-density behaviour of hadronic EoS like the hyperon puzzle and the direct Urca problem can be solved. Using the same three-flavor color superconducting NJL model [25] as in [24] and an extension of the density-dependent relativistic meanfield model DD2 [26] to include Λ hyperons and an additional repulsive φ meson mean field it has been shown in [27] that with this setting a CS structure with a hypernuclear shell and color superconducting quark matter in the core under fulfillment of the 2 M mass constraint is possible. For this solution it was essential to add a medium dependent bag pressure contribution, see also [28] who used a different version of a relativistic mean field theory with hyperons [29, 30] in its extension to the hypernuclear sector [31] .
In this work, we use the lowest order constrained variational (LOCV) method to provide an EoS for baryonic matter for different asymmetry parameters x = (ρ n −ρ p )/ρ B and hyperon fractions x Λ = ρ Λ /ρ B . The LOCV approach allows us to study the PT for arbitrary isospin asymmetries.
We shall consider here the deconfinement to a recently developed stiff EoS for deconfined quark matter [32, 33] , the nonlocal Nambu-Jona-Lasinio (nlNJL) model, which is a modern approach to describe quark matter including color superconductivity. The PT as obtained by a Maxwell construction predicts a jump in energy density which, depending on its size, may even lead to an unstable branch in the CS mass-radius diagram which eventually is followed by a third family branch [34] of stable hybrid stars, disconnected from the second family of pure neutron or moderate hybrid stars [35] . As an observable feature the third family leads to the mass twin phenomenon [36] which recently has been shown to be possible also for high-mass pulsars [37] [38] [39] . We will employ the interpolation method on the basis of the nlNJL EoS [33] which is a powerful and flexible tool to construct a strong PT and answer the question of the possible existence of a third family of CSs which would require a strong PT in dense matter.
In Sec. II we present the theoretical formulation based on the LOCV method and nlNJL model. The Sec. III is devoted to the results and discussion for the properties of hypernuclear matter and hadron-quark matter PT. In Sec. IV the properties of PT for isospin-symmetric matter as well as a comparative study on model dependence of PT are presented. This includes a discussion of the PT onset in symmetric matter that would follow from the hybrid EoS model constrained by modern NS observations. Finally, the summary and conclusion are given in Sec. V.
II. HYBRID STAR EOS WITH HYPERONS AND QUARK DECONFINEMENT
In this work we use a two-phase description in order to construct a transition from hadronic to the quark phase. The theoretical approaches used to calculate the EoS for each of these two phases will be discussed in the following two subsections.
A. Hadronic phase: Hypernuclear matter within the LOCV method For the nuclear matter phase, we use a microscopic potential-based technique called LOCV method by Owen et al. [40] for calculation of the bulk properties of nuclear fluids, such as the saturation properties. Different types of nucleon-nucleon interactions have been employed so far such as Reid68 and ∆-Reid [41] , UV14, AV14 and AV18 [42] [43] [44] , and charge-dependent Reid potential (Reid93) [45, 46] while a central potential [47, 48] has been used for nucleon-hyperon and hyperon-hyperon interactions recently. Since the three body interactions have an essential role to describe the nuclear matter properties, the LOCV method is capable to deal with the three body interactions like Urbana type [49] and chiral three nucleon force [50] . This method has been used not only at zero but also at finite temperature for the calculation of thermodynamic properties of hot and cold fermionic fluids [42-44, 46, 51, 52] . In other variational methods such as the APR method [53] , while the calculations are similar to the ones in our method and there is a good agreement between our results [54] , there are some differences in calculating the correlation functions. Usually, in other variational methods, several free parameters in the correlation functions are chosen so that the energy per nucleon at every given density to be minimized but they do not mention the normalization constraint and therefore it is not clear how the normalization constraint is satisfied. In the LOCV method, we impose the normalization condition by demanding the control parameter χ to vanish,
where F p is the Pauli function. For asymmetric nuclear matter, it is defined by
where J 1 (k f i r) denotes the spherical Bessel function of order 1 and k f i is the Fermi momentum of each particle. The wave function of the system then reads
where Φ(1...A) is the uncorrelated Fermi system wave function (Slater determinant of plane waves) and F (1...A) is the many-body correlation function. In (2), f (ij) denotes to the two-body state-dependent correlation functions. In the Jastrow formalism, the two-body correlation functions f (ij) are defined as
where O p α is the projection operator which projects on to the α channels, i.e., α = {J, L, S, T, T z , s} where s is the strangeness number of baryons. For singlet and triplet channels with J = L we choose p = 1 and for triplet channels with J = L ± 1 we set
where astrophysical observations, in agreement with previous works based on Brueckner-HartreeFock (BHF) approach as well as other non-relativistic potential models [7] [8] [9] . In a Green function method like BHF, however, the correlation functions cannot be obtained.
We point out the following characteristics of the LOCV method:
1. a microscopic method in configuration space which is purely variational;
2. simply generalizable to finite temperature; 
B. Quark matter EoS within nlNJL model
For the quark matter phase we employ a color superconducting nonlocal chiral quark model of the Nambu-Jona-Lasinio type (nlNJL) for the case of two quark flavors. This model has recently been discussed in the context of modern compact star constraints in Ref. [33] , where also references to preceding work are given. For the convenience of the reader we summarize here the nlNJL approach which is characterized by four-fermion interactions in the scalar quark-antiquark, the anti-triplet scalar diquark and the vector quark-antiquark channels. The effective Euclidean action for two light flavors reads
We considered the current quark mass, m c , to be equal for u and d quarks. The nonlocal currents j S,D,V (x), based on a separable approximation of the effective one gluon exchange (OGE) model of QCD, read
where
, while τ and λ a , with a = 2, 5, 7, stand for Pauli and Gell-Mann matrices acting on flavor and color spaces, respectively. The function g(z) in Eqs. (8) is a covariant formfactor wich accounts for the nonlocality of the effective quark interactions [56] .
The coupling constants ratios H/G S , G V /G S are input parameters. For OGE interactions in the vacuum, Fierz transformation leads to H/G S = 0.75 and η = G V /G S = 0.5. However, these value are subject to rather large theoretical uncertainties. In fact, thus far there is no strong phenomenological constraint on the ratio H/G S , except for the fact that values larger than one, are quite unlikely to be realized in QCD since they might lead to color symmetry breaking in the vacuum. Below, at the end of this subsection, we will consider two schemes of fixing the values of the coupling constants that will be applied in the present work.
The first one, denoted as "model A", assumes a set of coupling constants to be fixed for vacuum conditions and afterwards, at finite densities remains unchanged. The second one is denoted as "model B" and has been introduced in Ref. [33] as a generalized nlNJL model with a functional dependence of parameters on the baryochemic potential as the natural thermodynamic variable of the pressure as thermodynamic potential in the grand canonical ensemble. Before giving further details on models A and B, we describe the mean field approximation to the thermodynamic potential of the nlNJL model.
After a proper bosonization of this quark model, introducing scalar, vector, and diquark fields, we work in mean field approximation (MFA). In the diquark sector, owing to the color symmetry, one can rotate in color space to fix ∆ 5 = ∆ 7 = 0, ∆ 2 = ∆. Finally, we consider the Euclidean action at zero temperature and finite baryon chemical potential, where we introduce six different chemical potentials µ f c , depending on the to quark flavors f = u, d
and quark colors c = r, g, b.
The MFA grand canonical thermodynamic potential per unit volume can be written as
A detailed description of the model and the explicit expression for the thermodynamic potential after calculating the determinant of the inverse of the propagator can be found in
Ref. [57] . The mean field valuesσ,∆ andω satisfy the coupled equations
As shown above, there is a freedom in choosing the direction of∆ in color space. In the ansatz we considered, the colors participating in the pairing are r, g, leaving the blue color unpaired. When considering that our system is in chemical equilibrium, one can see that all chemical potentials are no longer independent, and can be expressed in terms of three independent quantities: the baryonic chemical potential µ, a quark electric chemical potential µ Qq and a color chemical potential µ 8 . The corresponding relations read
where the chemical potential µ Qq distinguishes between up and down quarks, and the color chemical potential µ 8 has to be introduced to ensure color neutrality.
In this work we are interested in describing the behaviour of quark matter in the core of NSs, therefore, we shall consider that quark matter is electrically and color neutral and in equilibrium under weak interactions. We include electrons and muons as a free relativistic Fermi gas. Beta decay reactions read
for l = e, µ. We assume that (anti)neutrinos are no longer trapped in the stellar core. Then, we have the following relation between chemical potentials
for c = r, g, b, µ e = µ µ = µ l . Finally, we impose electrical and color charge neutrality
where the expressions for the lepton densities ρ l and the quark densities ρ f c can be found in the Appendix of [57] .
Summing up, for each value of µ one obtains∆,σ, µ l and µ 8 by self-consistently solving the gap equations (10), together with β− equilibrium Eq. (16) and electric and color charge neutrality Eqs. (17) and (18) conditions. The quark matter EoS is then
where for later use we allow for the possibility of a bag pressure shift B stemming, e.g., from a medium dependence of the gluon sector, and both parameters η and B may depend on the chemical potential [33] .
The resulting EoS for color superconducting quark matter for different values of η is shown in Fig. 1 in comparison with the nuclear and hypernuclear ones. This quark matter model with density-independent coefficients is denoted as model A. From the crossing of the corresponding lines cone can obtain the hadron-to-quark matter PT, see below.
In Ref. [33] has also been discussed the possibility of a density dependence of the vector meson coupling strength η and an additional softening of the quark matter EoS due to a confining bag function, also with a density-dependence. The density dependence of these two parameters of the generalized nlNJL model have been introduced by an interpolation method described in detail in [33] , which we will also employ in the present work for four sets of parametrizations that will be detailed below in table I.
In spite of good results obtained for hybrid stars using the LOCV method for the hyperonic phase and model A of the nlNJL approach for the description of color superconducting quark matter, we note that the absence of a confining mechanism leads to rather low densities for the onset of the hadron-to-quark matter transition. In this situation it appears that the asymptotic EoS, i.e., hypernuclear matter in the low-density regime and quark matter in the high density regime, can not simply be trusted in the intermediate range of densities where a quark-hadron PT is expected. For this situation, it has been suggested to use an interpolation method [58, 59] between hadronic and quark matter models. In the present work, however, we will use model A with a Maxwell construction where it is applicable and not make use of the interpolation between quark and hadronic asymptotic EoS as described in [58] . Instead, we employ the interpolation technique of Ref. [60] which has also been used in [33] and is denoted here as model B.
This method interpolates between different nlNJL parametrizations and thus corresponds to a density dependent bag pressure as well as a density dependence of the repulsive vector meson coupling strength. For this model we investigated four sets of parametrizations for these density dependences and obtained for all of them an onset of deconfinement at densities above that for the onset of hyperons.
These different sets of parameters to interpolate the nlNJL EoS for numerical calculations of this work are given table I. 
C. Phase transition construction
For constructing a first order PT between hadronic phase and deconfined quark matter we will apply here the Maxwell construction (MC) which assumes that both EoS should separately fulfill the charge-neutrality and β-equilibrium conditions with electrons and muons.
Under such conditions the chemical potential of a particle species i can be written as
where b i is the baryon number of the species i, q i denotes its charge in units of the electron charge, µ and µ q are the baryonic and electric chemical potentials, respectively. The Gibbs conditions for phase equilibrium require that the temperatures, chemical potentials and
pressures of the two phases should coincide at the phase transition
P H (µ B , µ e ) = P Q (µ B , µ e ) = P c .
In above equations, the subscript c denotes the critical value of these thermodynamic variables for which chemical, thermal and mechanical phase equilibrium is established. In the present work we construct the PT for the zero temperature case. Technically, one can plot the pressure as a function of chemical potential for two phases and merge them at the crossing point in which P µc = P c . Physically, the phase with higher pressure (lower grand canonical potential) in a given chemical potential, is considered out of PT region. We note that this setting of the problem inevitably evokes the so-called "reconfinement problem" [27, 61] . In the present work, we will employ the "no reconfinement" paradigm which states that once the critical chemical potential for the deconfinement transition has been reached the "old" hadronic EoS will no longer be considered as a relevant alternative at still higher chemical potentials. Therefore, should a second crossing between hadronic and quark matter EoS occur in the pressure vs. chemical potential plane it shall be ignored and thus a "reconfinement" will be excluded.
III. MASS-RADIUS RELATION FOR HYBRID STARS
A particularly interesting question in this context is the role which hyperons or deconfined quark matter can play in interpreting the observations of binary neutron star mergers. The observational constraints for NS maximum mass and radius from the millisecond pulsar PSR J0740+6620 and the binary neutron star merger GW170817 should be fulfilled by the theoretical calculations. We consider the hybrid star as a hydrostatically equilibrated and spherically symmetric system. Thus, the mass-radius relation of the star can be obtained for a given EoS by solving the well-known Tolman-Oppenheimer-Volkoff (TOV) equations [62, 63] ,
In these equations P (r) and ε(r) denote the pressure and the energy density profiles for the matter distribution in the CS interior, M (r) is the cumulative mass enclosed in a spherical volume at the distance r from the center, and G is the gravitational constant. The gravitational mass M = M (r = R) of the star is the mass enclosed within the radius of the star.
By considering that the boundary condition P (r = R) = 0 defines the radius R for a chosen central energy density ε c = ε(r = 0), we have the necessary boundary and initial conditions to solve the TOV equations for a relativistic star with mass M and radius R, respectively.
By increasing ε (or equivalently P ) up to the maximum mass, the mass-radius relation can be obtained. For the EoS of the inner and outer crust of the neutron star, we use the results of Negele and Vautherin [64] and Harrison and Wheeler [65] , respectively. Fig. 3 show the EoS for pressure as a function of chemical potential and energy density respectively for the Maxwell construction of the deconfinement phase transition. As it can be seen in the Fig. 3 , the jump in energy density increases by decreasing the vector meson coupling parameter. However it is a big jump, but the crossing point occurs in low chemical potential which is before the onset of hyperons for η ≤ 0.14.
IV. RESULTS

Fig. 2 and
The gravitational mass of the hybrid star in the unit of solar mass has been plotted in Fig. 4 as a function of radius. As it was mentioned before, we have considered the PT to quark matter as a solution for hyperon puzzle. As figure shows, the PT which we have constructed, not only increases the maximum mass for hybrid star, but also all of the EoS have fulfilled the observational constraint for the maximum mass of CS. It is worth mentioning that for very high density, we have applied the constant speed of sound (CSS) extrapolation method to reach the maximum mass of hybrid stars. This technique can be considered as the lowest-order terms of a Taylor expansion of the quark matter EoS about the transition pressure [35] . An example of this extrapolation method for the set 2 of Table I has been shown in Fig. 6 . As it can be seen in the figure, there is a good agreement between interpolated EoS and extrapolated one in high densities. Furthermore, the obtained maximum masses obey the modern CS constraints: M max > 2.07 M from the lower limit of the 1σ range of the Shapiro-delay-based mass measurement for the millisecond pulsar PSR J0740+6620 [2] , as well as the lower and upper limits for the radius, R 1.6M > 10.7 km [4] and R 1.4M < 13.6 km [5] , respectively, from the binary CS merger GW170817 [3] . It should be mentioned that for all cases considered in the present work, the hypernuclear EoS is not stiff enough at low densities so as to produce a sufficiently large jump in the energy density tat the deconfinement transition for obtaining a disconnected third family of CSs in the M-R diagram.
In Fig. 11 we show the profiles of energy densities for model A (upper panels) with four cases of vector coupling strength η = 0.12, 0.13, 0.14, 0.15 and the four sets of parametrisation of model B (lower panels). In the left panels the case of a typical binary radio pulsar mass of 1.35 M is shown (which is relevant for scenarios explaining the binary merger GW170817) and in the right panels the case of a high-mass pulsar with 2.0 M is considered. While for all parametrizations of model A the deconfinement transition occurs directly from the nuclear matter outer core to the extended quark matter core, in model B there is a shell of hypernuclear matter in-between the inner core of superconducting quark matter and the outer core of nuclear matter.
Finally, in Fig. 12 we discuss the case of isospin symmetric matter that is relevant for applications to relativistic heavy-ion collisions. We see that for model A (left panel) the cases with sufficiently repulsive vector meson mean field (η > 0.12) do predict a deconfinement transition at high densities beyond 0.79 fm 
V. CONCLUSION
We have reconsidered the problem that the appearance of hyperons softens the nuclear EoS such that under compact star conditions the constraint on the lower limit for the maximum mass at 2 M can not be fulfilled (hyperon puzzle). To this end we have applied a two-phase approach to hybrid compact star matter where the hadronic phase is described using the LOCV method with AV18 and Urbana three-body interaction including hyperons and the quark matter phase is modelled by a color superconducting nonlocal Nambu-Jona- 
